One of the main results of Scale Relativity as regards the foundation of quantum mechanics is its explanation of the origin of the complex nature of the wave function. The Scale Relativity theory introduces an explicit dependence of physical quantities on scale variables, founding itself on the theorem according to which a continuous and non-differentiable space-time is fractal (i.e., scale-divergent). In the present paper, the nature of the scale variables and their re- * LUTH, Observatoire de Paris, CNRS, Université Paris-Diderot, 5 place Jules Janssen, 92195 Meudon Cedex, France; e-mails: laurent.nottale@obspm.fr, marienoelle.celerier@obspm.fr 1 lations to resolutions and differential elements are specified in the non-relativistic case (fractal space). We show that, owing to the scale-dependence which it induces, non-differentiability involves a fundamental two-valuedness of the mean derivatives. Since, in the scale relativity framework, the wave function is a manifestation of the velocity field of fractal space-time geodesics, the two-valuedness of velocities leads to write them in terms of complex numbers, and yields therefore the complex nature of the wave function, from which the usual expression of the Schrödinger equation can be derived.
Introduction
From a physical point of view, the Scale Relativity theory is the generalization to scales of the relativity principle of motion which underlies the foundation of a large part of classical physics. From a mathematical point of view, it is the giving up of the hypothesis of space-(time) differentiability. Both generalizations result in the fractal nature of space-(time) [1, 2] .
One of this theory main achievements is the foundation of quantum mechanics on first principles [3] . In its framework, the quantum mechanical postulates have been derived and the complex, then spinorial, then bi-spinorial nature of the wave function has been nat-urally recovered [3, 4, 5, 6, 7] , while the corresponding quantum mechanical motion equations, the Schrödinger [4, 8] , Pauli [5] , KleinGordon [9, 10] and Dirac [6, 7] equations have been demonstrated.
The theory also allows one to generalize the quantum mechanical motion equations to the macroscopic realm. This is obtained when the constant D which characterizes the amplitude of the fractal fluctuations appearing in the theory, and which corresponds to D = /2m in the standard quantum theory, is given a more general interpretation in terms of a macroscopic constant whose value is linked to the physical system under study. It is therefore possible to derive a macroscopic Schrödinger-like equation with numerous applications in physics and other fields (see [11] and references therein) and a macroscopic Dirac-like equation whose non-relativistic limit might tentatively reproduce some turbulent fluid behavior [12] .
The emergence of the complex numbers and their generalizations, the quaternions and the bi-quaternions, is issued from the successive doublings of the velocity fields due to the non-differentiability of the fractal functions representing the space-(time) coordinates. These doublings have been extensively studied in previous works (see, e.g., [11] for a recent review).
We wish to give here however a new and more detailed derivation of the way the two-valuedness of the mean velocity field naturally emerges in terms of a (+) and (-) velocity, yielding V and U velocity fields, which are subsequently combined in terms of the complex velocity field V = V − iU used in the geodesic equation dV/dt = 0 from which the quantum mechanical motion equations are derived.
Then, we are led to generalize these results to three dimensions, being therefore allowed to recover the complex 3-velocity field needed to obtain the Schrödinger equation [4] .
In a subsequent paper [13] , we will be led to extend these results to the 4-velocity field needed to obtain the Klein-Gordon equation [9, 10] . Then we will apply this two-valuedness to successive other doublings, obtaining thus naturally a new expression for the bi-quaternionic velocity field yielding the bi-spinor and the Dirac equation [6, 7] , from which the spinor and the Pauli equation are derived [5] .
The structure of the present paper is as follows. In Sec. 2, we give an improved physically complete picture of how the complex numbers emerge in the quantum mechanical domain from the doubling of the velocity fields in a non-differentiable space. In Sec. 3, we generalize to three dimensions the one-dimensional results previously obtained and in Sec. 4 , we recall how the Schrödinger equation eventually emerges and then complete the proof of the two-valuedness of all components of the velocity field of the geodesics fluid. In Sec. 5, we present our conclusions. one dimension
General argument
The first step is the theorem according to which a continuous and non-differentiable curve is fractal, in the general meaning that its length is explicitly scale dependent and tends to infinity when the resolution interval tends to 0 [4, 14, 15] . In terms of a parameter t along this curve (which may, in particular, be a time coordinate), and identifying a small interval dt of the t parameter to the scale variable
A continuous fractal coordinate therefore reads X = X(t, dt) and it is non-differentiable, under the meaning that, though differential elements dX and dt can be defined as a consequence of continuity, their ratio dX/dt → ∞ when dt → 0. The derivative is therefore redefined as a fractal function [4] , i.e., as a function which is explicitly dependent on the scale interval dt. But this new definition is now two-valued:
which can be written equivalently as
which are before and after derivatives defined respectively between the points t − dt and t and the points t and t + dt, (see Fig. 1 ).
Let us be more specific about the meaning of this new definition.
The usual definition of the derivative of a differentiable function X(t)
consists in taking the limit, when dt → 0, of (X(t+dt)−X(t))/dt. In the nondifferentiable case considered here, this limit no longer exists, so that this usual definition fails. The new definition is based on the remark that nondifferentiability does not prevent one to defining intervals dX and dt, whose existence relies on the continuity of spacetime (X, t). Nor does it prevent to define the ratio of these intervals, dX/dt, as long as they remain finite, i.e. dt = 0. It is only the limit dt → 0 which is no longer defined. So the above definition means that one considers all possible values of [X(t + dt, dt) − X(t, dt)]/dt and of dt when dt → 0, and keeps the information about these values in terms of a function which is explicitly dependent on dt, considered as a full variable as can be seen in Fig. 2 . Therefore the nondifferentiable case just corresponds to the case when this function is not defined for the value dt = 0 (note that, in terms of the more relevant scale variable ln(dt/τ ), this limit becomes ln(dt/τ ) → −∞).
Here, τ is a reference resolution needed since only resolution ra- V+, defined using a point P (t + dt) which follows P , and V−, defined using a point P (t − dt) which precedes (we take here dt > 0). In the differentiable case, Under the usual definition, where one takes the limit dt → 0, one would have A = 0. Assume now that another physical quantity is divergent, i.e., B(t, dt) = t/dt (this is for example the case for the mean square value of velocity in quantum mechanics [20] ). In terms of the usual calculus, one would claim that this function is undefined when dt → 0. But if a new physical quantity writes C = AB, the usual approach would conclude that it is undefined, C = 0 × ∞, while the new definition where the differential elements are kept as explicit variables yields a finite function of time, C(t) = t 2 .
In terms of the above definition, in which dt is allowed to be positive or negative, there is, strictly, only one function, V (t, dt). The two-valuedness is a manifestation of the fact that, in general, there
is no reason why it should be symmetric with respect to the variable dt. However, from the view point of scale laws, i.e., when looking to a specific transformation dt → dt ′ , the natural scale variable is not dt but its logarithm, which acts as a kind of theoretical magnifying glass to view the behavior of the function around dt = 0.
This implies to jump to its absolute value |dt| and to choose a reference scale τ in order to write it as ρt = ln(|dt|/τ ). This writing is just a manifestation of the principle of scale relativity, according to which scales do not exist as such, but only through their ratios. If we want now to plot the function V (t, ρt) , it is clear that we are obliged to use two functions, V+ = [V (t, ρt)] dt>0 and V− = [V (t, ρt)] dt<0 (see Fig. 3 ).
Another result of the scale relativity approach is that such a scaledependent fractal function can be generally written as the sum of a differentiable "classical" part and of a non-differentiable, divergent given here by
The figure gives the derivative at the point t0 = 0.01 in terms of the logarithm of a small interval dt = t − t0. Since one should take the absolute value of dt in the logarithm, two derivatives must be defined, before the point t0 (t < t0, blue curve) and after this point (t > t0, red curve). It is clearly apparent that the two derivatives, which are continuous functions of ln |dt|, are not given by the same function.
fractal part. In the case of a fractal velocity field, this reads
where w± = dξ±/dt and |dξ±| D f ∝ |dt|, D f being the fractal dimension of the geodesics.
In previous publications, we have considered that, in general, there is no a priori reason for the "classical" velocity fields v+ and v− to be the same. It is this specific point that we want to address and to elaborate here, in order to understand better the reason why this two-valuedness affects not only the fractal (scale-dependent) part of the velocity, but also its "classical", scale-independent, differentiable part.
Two-valuedness of the mean velocity field
Let us consider a fractal coordinate X(t, ǫ). By "fractal", we mean that it is explicitly dependent on a scale variable (or "resolution") ε > 0 and divergent when ε → 0. Being defined as a resolution, ε is fundamentally positive, i.e., ε ∈ R+. This resolution may be of two types, time-like (εt) or space-like (εX). The relation between the time-resolution and space-resolution on a fractal curve of fractal dimension D f is:
Consider the case when the curve described by the curvilinear coordinate X is traveled during time t. In terms of the time-resolution, the coordinate then reads X = X(t, εt). For any given value of εt, the curve is smooth and differentiable. Values of measurement results are by construction > εt and are represented by a time variable t. Differential elements used in a theoretical description are therefore such that dt ≤ εt. When the object is explicitly resolution-dependent ("fractal" in a general meaning), it changes with the value of εt, so that the differential element dt is no longer defined on the same object. A solution to this problem consists in placing oneself on the resolution "interface", e.g., to work with differential elements equal to the resolution, i.e., such that |dt| = εt.
For this curve, observed, measured or considered at a fixed resolution εt, we may then define a mathematical velocity in the usual differentiable way:
We have written here εt as an index, since it is fixed at a given value, instead of being a variable. It must be understood that this derivative is a purely mathematical tool, valid only on the curve of resolution εt and allowing to make differential calculus on this curve, but that it does not represent the true velocity on the fractal curve. Indeed, when the time resolution interval is decreased (ε Considering again εt as an explicit variable, this means that one can define a "fractal velocity" as
where εt > 0, while dt is algebraic and can be positive or negative,
i.e., dt ∈ R.
It is now clear from the above discussion that there is a particularly meaningful choice for the scale variable, which is εt = |dt|. This special choice amounts to place oneself just on the interface where the derivative takes its physical value whatever the scale. This choice corresponds to the natural definition of a resolution from the theoretical viewpoint, in accordance with the Riemann-Lebesgue method (while from the experimental viewpoint, resolutions can be intervals like in a Charpak multi-wire detector, but may also be defined as pixels, or covering balls, standard errors in statistical measurements, etc., see [11, Chap. 3] ). The interval dt has therefore two different and complementary roles: (1) as a differential element, it appears in sums like t + dt and is algebraic; (2) as a resolution interval, its sign looses its meaning and it appears in scale transformations in a logarithmic form, such as ln(|dt|/τ ).
More generally, in a fractal space, we are led to consider a fractal velocity field V (x(t), t, dt, εt) = dX/dt, so that the differential element dX(x(t), t; dt, εt) can be decomposed in terms of various contributions, a differentiable linear one and a non-linear fractal fluctuation:
The fractal fluctuation can be described by a stochastic variable which has the nature of a space resolution εx > 0, i.e., dξ = η εx,
where η is a purely mathematical dimensionless variable which is normalized according to < η >= 0 and < η 2 >= 1 and may have any probability distribution. When the fractal dimension is D f = 2, the space and time resolutions are related by
We obtain therefore
If we place ourselves now on the interface εt = |dt| which defines the physical fractal derivative, we have
Therefore two possibilities occur for the elementary displacements:
By setting v+ = V + U and v− = V − U , we recover the twovaluedness of the mean velocity field in terms of a (+) and (-) velocity.
In this new and more detailed derivation, it is noticeable that the V and U velocity fields appear first, while they were derived from the v(+) and v(-) velocities in the previous ones.
The next step of the construction of the scale relativity theory consists of combining the V and U velocity fields into a complex velocity field:
The question of the choice of complex numbers to represent this twovaluedness of velocity has been already fully addressed in [16] and
[11] Sec. 5.4.1. Let us summarize the argument.
Each real component of the velocity is now replaced by a doublet of real numbers. In such a case, the sum operation is easy to generalize, but one needs to define a new product. From the mathematical point of view, this is the well-known problem of the doubling of algebra (see, e.g., [17] ). The mathematical solution to this problem [18] is precisely that the doubling R 2 of real numbers R is the algebra C of complex numbers, the doubling C 2 of C is the algebra H of quaternions and the doubling H 2 of quaternions is the algebra of Graves-Cayley octonions. Recall that these successive algebra doublings lead to successive deterioration of the algebraic properties (namely, loss of order relation in complex plane, then of commutativity for quaternions, then of associativity for octonions), and that the Cartan solution is the optimal one in this respect.
One reaches the same conclusion with a physical argument which is specific of the present situation. One may write the velocity doublet (V, U ) under the form V = V + αU by identifying the doublet (V, 0) with the real velocity V . Then the knowledge of the new product that we want to define can be reduced to the mere knowledge of the square α 2 . The Lagrange function of a free particle, when it is calculated using the full velocity field, i.e. including the fractal diverg- 
with i = 1, 2, 3, dξi = ηiεx i , εx i = √ 2Dεt, and the dimensionless variables ηi being normalized according to ηi = 0, ηiηj = δij , where δij is the Kronecker symbol. This implies
which, with the particularly meaningful choice εt = |dt|, gives dξi = ηi 2D|dt|.
The two possibilities for the elementary displacements are therefore
and
which gives, for the expectation value of the product of two independent fractal fluctuation fields,
This shows how Eq. (23), from which the derivation of the Schrödinger equation proceeds [4, 11] , can be obtained naturally with the above particularly meaningful choice for the scale variable.
Derivation of the Schrödinger equation in Scale Relativity: a reminder
The theory of scale relativity is the extension of the relativity principle of motion to scale transformations. In this framework, the quantum properties of a particle are the manifestations of the frac- The basic principle is a relativity principle. The laws of physics must be such that they apply whatever the reference system state, which means that physical quantities are not defined in an absolute way but are relative to the state of the reference system. This principle is implemented by three related principles provided with the corresponding mathematical tools.
The covariance principle states that the equations of physics keep the same simplest form under changes of the reference system state.
It can be strong, such as the motion equations in General Relativity or weak, such as the Einstein field equations with source terms.
The equivalence principle is a more specific statement of the relativity principle applied to a given physical domain. In General Relativity, a gravitational field is locally equivalent to an acceleration field. Hence, it exists coordinate systems in which gravitation locally disappears. Similar proposals apply in Scale Relativity: a quantum behavior is locally equivalent to fractal (i.e., non-differentiable) motion, gauge fields are locally equivalent to internal resolution transformations.
The geodesic principle states that free trajectories are space-time geodesics. Therefore the dynamics equations are determined by the space-time geometry. The action element identifies with the metric invariant, i. e., the proper-time, dS = −mc ds which implies that the action principle is equivalent to a geodesic principle.
A covariant derivative is the main mathematical tool by which the above principles are implemented. This new derivative includes all the effects of the geometry, which is at variance with usual field theories where they are externally applied to the system.
In General Relativity, the geometric effects are subtracted from the total increase of, say, a vector, leaving only the inertial part which defines the covariant derivative as
The most remarkable result is that the three principles (strong covariance, equivalence and geodesic principles) lead to the same form of the motion equations, i. e., the Galileo form for the inertial motion of a free body, but written with the covariant derivative as Duµ/ds = 0.
In Scale Relativity, a similar construction is used and a covariant derivative is constructed in order to implement similar principles, here applied to the relativity of scales. Now, in physics, any measurement is made with a finite resolution ǫ. However, the differential equations describing the laws are written and solved as if the differential elements dx, dt, ds etc. tend to zero, eventually reaching the null value.
As seen in Sec. 2, in Scale Relativity, the mathematical tools dx, dt, ds are assimilated to physical resolutions always non vanishing, which implies that null differential elements are actually physically impossible (since, from quantum mechanics, an infinite energymomentum would be needed to effectively realize them). Moreover, a physical quantity f = f (x) where x is a space-time variables is also more generally depending also on resolutions, i. e., f = f (x, ǫ),
Thus, for ǫ = 0, the function f (x) = f (x, −∞) defined at the limit dx → 0 is devoid of physical meaning (in the nondifferentiable case).
To show that f is indeed dependent not on the resolution but on its logarithm, one can use the Gell-Mann-Levy method and apply an infinitesimal dilation, ǫ → ǫ ′ = ǫ(1 + dρ), to the resolution. The length, L of a fractal curve is thus, to first order,
which can be written as
This form of the infinitesimal dilation operator,D, shows that the natural variable for the resolutions is ln ǫ. Then fractal functions are considered, f (x, ǫ) (here and in the following, we write, for simplicity, the dependence on ln ǫ as a dependence on ǫ), differentiable for all ǫ = 0, which means that all scales coexist in a 'scale space' and are connected together via scale differential equations.
The simplest pure scale law is first order and states that the variation of L under an infinitesimal d ln ǫ depends only on L. It reads therefore:
The solution of this renormalization group-like equation is a fractal length which can be written as
whose projection on the X axis is with fractal dimension 2. For DF < 2 it is null, for DF > 2 it is infinite [11] .
Let us continue the derivation in the simple case accounted for in the present paper: non-differentiability of the three-dimensional space and breaking of the reflection invariance of the time differential element dt ↔ − dt (see [13] for a more general case). The derivative with respect to time of a differentiable function f (t) is
In the non-differentiable case the limits are no longer defined, hence both definitions fail.
As explained in detail in Sec. 2, a solution is to replace f (t) by an explicitly scale-dependent fractal function f (t, dt) of two variables:
t in space(-time) and dt in scale space. Then two functions can be defined as
It is easy to see from Eqs. (33) and (34), that f
to dt ↔ − dt. Thus the differential time reflection, which is a discrete symmetry of standard physics, is broken.
Let us give an additional argument illustrating the two-valuedness of the derivative in a scale-dependant situation. Consider a function X(t) and its increment dX. By definition,
For dt ≪ t the Taylor expansion of X(t + dt) is
which gives, for the ratio dX/dt,
which can be written as dX/dt = V + dV /2. In the usual differential case where X ′′ (t) remains finite, i.e. dV ≪ V , the last term vanishes when dt → 0, and one recovers the usual identification between X ′ (t) and lim dt→0 (dX/dt). But in fractal conditions one can have dV ∼ V , and therefore an additional term is lacking in the usual differential X ′′ (t)dt becomes finite and must be taken into account in the derivative.
A simple example of such a case is given by a Gaussian stochastic variable V for which we have also computed the increment dV . The result is given in Fig. 5 , where V and dV are indeed found to be of the same order of magnitude. A two valuedness of the derivative under the reflexion dt → −dt emerges as
and therefore
The correspondance of the drift velocity U with an acceleration, Γ = dV /dt = 2U/dt was already pointed out in [4, Chap. 5, p. 142].
Applying these definitions to fractal space coordinates x(t, dt), one obtains two velocity fields which can be decomposed into their classical and fractal parts as
Now, we have seen in Sec. 2, that there is no a priori reason for V+ and V− to be the same functions, so that there is a general twovaluedness when accounting for the differentiable part.
However, at this stage of the derivation, there is no proof that the same is true concerning the differentiable parts v+ and v− alone.
Clearly, if one considers only, not a fractal velocity field but a given particular fractal curve, there is no doubling for such a single curve, since it is smoothed out at scales larger than the fractal to nonfractal transition, beyond which w ≪ v. But for a velocity field, the question remains open at this stage. Therefore, we just introduce the doubling for generality and work with the two velocities v+ and v− in what follows. As we shall see, their two-valuedness will be finally proved at the end of the derivation.
As also seen in Sec. 2, a simple and natural way to account for this doubling is to use the complex numbers and product. This is the origin of the complex value of the wave function in Quantum Mechanics which allows us to recover the global reversibility of physical laws.
Following Eqs. (40) and (41) the differential element dX can be decomposed as
where the η±'s are dimensionless normalized stochastic variables such that η = 0, η 2 = 1 and so on for Y and Z.
Then two classical derivatives d±/dt can be defined such that d±x(t)/dt = v± and combined to construct the complex derivative
This operator is applied to the classical part of the position vector and gives a complex velocity which reads
Having defined the covariant derivative, its expression has be obtained by explicitly calculating its effect on some physical quantity.
Since the fractal dimension is 2, the derivative of a scalar function f must be calculated up to second order
The stochastic mean of this formula gives, in the second rhs term, dξ = 0, hence dX = dx and in the third rhs term, dξ 2 = dX 2 = 2D dt with its non fractal part, dx 2 /dt, being negligible.
Therefore, in three dimensions,
The last step is to recombine the two derivatives into a complex covariant time derivative, such as
Then, standard mechanics is generalized by using the scale relativistic covariance. First, a complex Lagrange function L(x i , V, t), with i = 1, 2, 3 denoting the three space coordinates is defined, and, from it, a complex action S =
Then, a stationary action (geodesic) principle is applied and 
Then, a complex wave function is introduced, which is another expression for the complex action and can therefore be written
Since P = ∇S and S0 = in the micro-physics case, Pψ = −i ∇ψ and the correspondence P = −i ∇ is obtained. In the Newtonian case, P = mV, and thus V = ∇S/m = −i (S0/m) ∇ ln ψ.
The fundamental equation of dynamics can now be written in terms of ψ, i.e.,
After some calculations [4] , the full equation becomes a gradient which can be integrated as
The usual Schrödinger equation of Quantum Mechanics corresponds to D = /2m. In other cases, D = /2m characterizes the system as a self-organization constant.
We have now at our disposal all the tools needed to finally prove the two-valuedness of the classical part of the velocity field. Indeed, the wave function ψ can be written as ψ = √ P × e iθ . This yields, in addition to the geodesic / Euler-Lagrange (Eq. 49) and Schrödinger (Eq. 52) representations of the motion equations, a third representation as a fluid-like system of equations of the Euler and continuity type [19] . This is a mixed representation with regard to the previous ones, written in terms of the real part V = 2D∇θ of the complex velocity field V and of the squared modulus P = |ψ| 2 of the wave function. The real and imaginary parts of the Schrödinger equation respectively yield a Euler-like equation (after differentiation) and a continuity equation,
where an additional potential energy Q has emerged, that reads
This final form of the equations of the velocity field of geodesics finally ensures the Born interpretation according to which P = |ψ| 2 [3] .
Then the two classical velocity fields can now be calculed from these variables. One finds
and they are therefore equal only in the case P =cst, i.e. only in the fully classical case. In all other cases, these relations definitely prove that there is generally a two-valuedness, not only of the fractal, divergent part of the velocity field, but also of its classical (differentiable) part.
Before concluding, let us illustrate this result by an explicit ex- 
Conclusions
In this paper, we have attempted to make clearer the nature of the Another fundamental scale variable results from the fact that our access to physical phenomena is always made through measurements, and that a measurement apparatus is always characterized by a measurement resolution ε > 0. We have shown in the present work that the fundamental two-valuedness of velocities (time-derivatives) which gives rise to the complex nature of the wave function in the scale-relativistic foundation of quantum mechanics is fundamentally issued from the relation between these two scale variables, dt and εt.
As regards obtaining a Schrödinger equation as a prime integral of the geodesic equation (more generally, of the fundamental equation of dynamics) under fractality conditions, one could ask why it does not apply to usual diffusion, for example in the case of the physical Brownian motion of submillimeter particles. The answer is that, strictly, the theory assumes fractality of space-time without any lower limit to the scale dependence that fractality and continuity implies. Such a space-time divergence is expected to be achieved only at scales smaller than the deBroglie length of a given system, i.e., it corresponds only to usual quantum mechanics. However, we have suggested that the theory could also be applicable, now in an approximate way, to fractal macroscopic systems. But it is clear that this application would be valid only provided two conditions: (i) The range of scales between the upper effective de Broglie scale and the lower cut-off of the fractal behavior should be large enough for an effective constant fractal dimension to be established; we have estimated that this ratio should be ≫ 10 3 for the theory to be applicable [11, Chap. 10] .
(ii) The dynamics should be Newtonian (i.e., a force creates an acceleration), while mesoscopic diffusive systems, such as the physical motion of Brownian sub-micrometer particles, are often characterized by a Langevin-like dynamic (the force is proportional to velocity); in this case, one does not obtain a Schrödinger-type equation [11] . These conditions may nevertheless be fulfilled in astrophysical large scale systems, such as protoplanetary nebulae, in which planetesimals show a chaotic motion due to gravitational scattering by the other bodies of the planetary disk, and in which the range of scales is very large and the dynamics remains Newtonian [4, 21, 22, 23] .
We will, in a companion paper, generalize these results to space differentials and to the (motion-)relativistic case which lead to bispinorial (bi-quaternionic) wave function solutions of the Klein-Gordon and Dirac equations [13] .
Moreover, it has been shown that the fundamental nature of scale variables is tensorial [11] and this fact plays a central role in the application of the scale relativity approach to gauge fields [24] . A generalization of the present results to this case will be made in a forthcoming work.
